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We start from the many-chain Smoluchowski equation that describes dynamics of dense polymer
solutions and derive an effective diffusion equation for a tagged~probe! chain distribution function.
In the tagged chain diffusion equation the effects of the inter-chain interactions are incorporated
through an effective friction tensor. We propose a simple phenomenological formula for the friction
tensor in which the friction on a given bead depends only on the positions of its two neighbors along
the chain. This formula is used in conjunction with an exact lower bound for the center of mass
self-diffusion coefficient. We show that the necessary condition for reproducingN22 scaling of the
self-diffusion coefficient is not weaker-than-linear dependence of the anisotropy on the chain length
N. To check whether this also a sufficient condition, we perform a set of single chain Brownian
dynamics simulations. We show that the linear chain length dependence of the anisotropy leads to
Ds;N21.6 whereas theN2 andN3 scaling of the anisotropy result in the chain length dependence
of D that is consistent with the observedN22 behavior. © 1998 American Institute of Physics.
@S0021-9606~98!51201-9#
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I. INTRODUCTION

The dynamics of polymer melts and concentrated so
tions is qualitatively different from that of simple liquids.1 A
unique feature of polymeric liquids is strong dependence
transport coefficients on the degree of polymerizationN. Ex-
perimentally, for a given kind of a linear polymer, one fin
two distinctive regimes. For chains shorter than a criti
chain lengthNc ~we use terms degree of polymerizatio
chain length, and number of monomers in the chain in
changeably! the self-diffusion coefficientD and the shear
viscosity h, scale asD;N21 and h;N, respectively. For
chains longer thanNc the chain length dependence is mu
stronger: the self-diffusion coefficientD and the shear vis
cosity h, scale asD;N22 and h;N3.4, respectively. The
transition between these two different regimes is attribute
the onset of entanglement effects, loosely interpreted as
pological constraints on the motion of polymer molecu
that originate from chain uncrossability. It is not well unde
stood why these effects manifest themselves only for r
tively long chains whereas both long and short chains can
cross.

A basis for the present understanding of polymer dyna
ics has been laid down by de Gennes,2 and Doi and
Edwards.3 In their elegant phenomenological theory the
pological restrictions experienced by a given~probe! chain
are replaced by an average constraint, a tube. The p
chain is assumed to move like a snake along the tube~hence
the name reptation theory!.

The reptation theory predictsDS;N22 and, with some
additional assumptions concerning the origin of the stre
h;N3. The tube constraint, however, is assumed rather t
derived and the tube diameter, that enters into prefactor
the scaling laws, cannot be calculated from the repta
theory. The theory, therefore, cannot makequantitativepre-
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dictions for the transport coefficients and a number of ot
measurable quantities~such as the critical chain lengthNc or
the plateau of the relaxation modulus!.

An approach that can be viewed as an alternative to
reptation theory has been put forward by Curtiss and Bir4

In a sense, in their theory the tube constraint is replaced
the anisotropic friction tensor that builds insomepreference
for snake-like motions. However, it does not seem to
appreciated5 that in the Curtiss-Bird theory the overall mag
nitude of the friction on the probe chain and differences
the magnitudes of the friction on adjacent beads are tre
separately. The overall magnitude is estimated by the
quirement that the experimentally observed dependenc
the self-diffusion constant on the chain length is reproduc
The anisotropic friction tensor is introduced in the relati
concerning the differences of the friction on adjacent bea

The important argument for the Curtiss-Bird approach
that it should be possible to start from the rigorous ma
chain description of a dense polymer system and derive
exact formal expression for the effective single molec
friction tensor~as we will see such a formal expression do
treat the center of mass motion and the segmental motion
a unified way!. Furthermore, by using a combination of an
lytical and numerical methods one should be able to ca
late the friction tensor approximately.6 An analogous proce-
dure seems to be difficult to perform in the case of t
reptation theory where it is not obvious how to express
tube constraint in terms of inter-molecular forces.8

The aim of this work is twofold. First, starting from th
many-chain Smoluchowski equation we derive an effect
diffusion equation for the tagged~probe! chain distribution
function. In this equation the effects of the inter-chain inte
8/108(1)/368/8/$15.00 © 1998 American Institute of Physics
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369Grzegorz Szamel: Friction tensor in dense polymer solutions
actions are incorporated in two different ways. The aver
~mean-field! effects are accounted for by replacing~renor-
malizing! the bare intra-chain potential with an effective p
tential known in the context of small molecule fluids as t
potential of the mean force. It should be emphasized that
renormalization does not change the long-time tagged c
dynamics. All the other effects are taken into account
introducing an effective friction tensor. These non-mea
field effects lead to slowing down of the long-time tagg
chain motion. The effective diffusion equation derived he
is the Fokker-Planck counterpart of the generalized Lange
equation derived in Ref. 9.

The second aim of this work is to establish whether
anisotropic friction tensor can reproduce the observedN22

dependence of the self-diffusion coefficient on the ch
length. To this end we use an exact lower bound for
center of mass self-diffusion coefficient~in terms of the ef-
fective friction tensor! in conjunction with the simplest phe
nomenological formula for the friction tensor in which th
friction on a given bead depends only on the positions of
two neighbors along the chain. We show that, in this ca
the necessary condition for reproducingN22 scaling of the
self-diffusion coefficient is not weaker-than-linear depe
dence of the anisotropy on the chain lengthN. Finally, to
check whether this also a sufficient condition, we perform
set of single chain Brownian dynamics simulations.

The paper is organized as follows: We start with a br
discussion of the tagged chain diffusion equation. Next
analyze the chain length dependence of the self-diffusion
efficient that follows from a simple phenomenological fri
tion tensor. Finally, in the last section we relate the tagg
chain diffusion equation to Langevin equations used in ot
works, and briefly discuss the implications of the conditio
on the friction tensor anisotropy for the general theory
polymer dynamics. The derivations of the tagged chain
fusion equation and the bound are presented in the appe
ces.

II. TAGGED CHAIN DIFFUSION EQUATION

Starting from the many-chain Smoluchowski equati
and using well-established projection operator techniqu10

we can derive an effective diffusion equation that descri
the motion of the tagged chain among other chains. The d
vation from the Smoluchowski equation contains an ad
tional non-trivial step11,12 compared to the standard proje
tion operator derivation from the Liouville equation
Moreover, here we are interested in the self-diffusion pr
lem rather than in the collective diffusion problem discuss
in Ref. 11. This fact introduces another modification in t
formalism. For these reasons we present in Appendix
full detailed derivation of the effective diffusion equatio
Here we discuss the physical interpretation of the gen
form of this equation.

The tagged chain diffusion equation has the followi
form:
J. Chem. Phys., Vol. 108,
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]t
f ~R1 , . . . ,RN ;t !5D0(

ab
E

0

t

dt8E dR8
]

]Ra

•@ IJ1MJ irr #ab
21~R,R8;t2t8!

•F ]

]R8b

2S ]

]R8b

ln v~R8!D G
3 f ~R81 , . . . ,R8N ;t8!. ~1!

In Eq. ~1! f (R1 , . . . ,RN ;t) is the joint probability distribu-
tion for the beads of the tagged chain to be at poi
R1 , . . . ,RN at time t. The shorthand notationR is used for
the full collection of the bead coordinates,R
[R1 , . . . ,Ra , . . . ,RN . Also, the shorthand notationIJ is
used for the identity tensorIJdabd(t2t8)d(R2R8). The in-
verse@ IJ1MJ irr#21 denotes the kernel of the inverse integr
operator. The tensorIJdabd(t2t8)d(R2R8)1MJ ab

irr (R,R8;t
2t8) is the dimensionless effective friction tensor that,
general, is nonlocal in the bead index, and time and sp
Finally 2kBT ln v(R) is the N-body potential of the mean
force andv(R) is the tagged chain equilibrium intra-cha
distribution function. Both the effective friction tensor an
the potential of the mean force are precisely defined in A
pendix A.

Physically, the diffusion Eq.~1! describes motion of the
probe chain among other chains of the solution. These o
chains do not enter the equation explicitly. They, howev
are responsible for two important renormalizations: First,
cording to Eq.~1! the chain beads interact via the potential
the mean force rather than via the original~bare! intra-chain
interactions. This renormalization describes the influence
other chains on the tagged chain intra-chain equilibri
structure. Second, other chains slow down the motion of
tagged chain by contributing to the friction felt by it. Not
that this effect is different from the renormalization of th
intra-chain interactions. For example, the renormalization
the intra-chain interactions does not influence the diffus
of the center of mass of the tagged chain.

It is worth noticing that the renormalization of the intra
chain structure is in a sense decoupled from the renorma
tion of its center of mass dynamics; tagged chains can h
Gaussianequilibrium statistics but itsdynamicsdoes not
have to be Gaussian.

As was anticipated in the Introduction, the friction tens
in Eq. ~1! treats the center of mass motion and the segme
motions in a unified fashion. In the language of the Curti
Bird approach,13 our exact formal derivation suggest that o
should look for the following ‘‘empiricisms’’ for the hydro-
dynamic forces on the polymer beads

Fa
~h!;2(

b
~ IJdab1MJ ab

irr !•Ṙb ~2!

rather than using two different sets of ‘‘empiricisms’’ orig
nally proposed by Curtiss and Bird13

Fa11
~h! 2Fa

~h!;2 jJa•~Ṙa112Ṙa!, ~3!
No. 1, 1 January 1998
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370 Grzegorz Szamel: Friction tensor in dense polymer solutions
(
a

Fa
~h!;2jN21(

a
Ṙa . ~4!

In Eqs.~3!–~4! tensorjJ and coefficientj are the anisotropic
friction tensor and the center of mass friction coefficie
respectively.

Finally, let us note that in order to get the effective d
fusion equation that corresponds to thelinear generalized
Langevin equation of Ref. 9 one should introduce the follo
ing approximations: First, a Gaussian form of the equil
rium intra-chain distribution should be taken,

ln v~R!;2(
a

~Ra2Ra11!2. ~5!

Second, theR andR8 dependence of the inter-chain intera
tion induced contribution to the effective friction tens
should be neglected,

MJ ab
irr ~R,R8;t2t8!' IJMab

irr ~ t2t8!. ~6!

Note that the isotropy of the interaction contributionM is the
necessary result of the second approximation.

III. PHENOMENOLOGICAL EFFECTIVE FRICTION
TENSOR

The effective tagged chain diffusion Eq.~1! with the
potential of the mean force and the friction tensor given
Eqs. ~A7! and ~A24!, respectively, is exact. However, t
make it useful we have to abandon these exact express
and come up with explicit formulas of some sort. Since it
a well established fact that in concentrated solutions
melts the conformations of the chains are Gaussian, the
proximation~5! seems quite reasonable. The main problem
what expression to use for the effective friction tensor.

There seem to be two ways to proceed. First, one co
try to calculate the friction tensor approximately. Such
approach has been pioneered by Schweizer.9 Briefly, he used
a decoupling approximation that reduced the effective f
tion tensor to an isotropic friction coefficient, and then c
culated this coefficient using a mode-mode coupling appro
mation. For linear chains predictions14–16 of this approach
agree well with available experimental data. The main pr
lem with it seems to be the isotropic character of chain m
tions. This problem was addressed in a short paper
Kawasaki.6 He argued that the friction tensor anisotro
should be retained in the Langevin equations for the b
coordinates. However, it seems to be impossible to do
on the level of thelinear equations of motion for the bea
coordinates.

The second way to proceed is to propose a phenom
logical expression for the friction tensor. In spirit, that w
the route taken by Curtiss and Bird.4 Here we will follow
their approach.

In proposing a specific form for the friction tensor w
will assume that because of the inter-chain interactions
effective friction felt by a particular bead depends on t
direction of the bead’s motion. In particular, the friction
supposed to be larger for motions that are perpendicula
J. Chem. Phys., Vol. 108,
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the local direction of the backbone and smaller~equal to the
solvent friction! for motions that are parallel to it.

From physical point of view such a friction tensor co
responds to the inter-chain interactions that satisfy the p
ciple of curvilinear displacement invariance that was fi
introduced by Hess.17 Simply speaking curvilinear displace
ment invariance means that the chains are ‘‘smooth’’ a
hence any inter-chain forces are perpendicular to the lo
backbone directions. It is obvious that this does not h
literally. However, it seems to be a reasonable starting po

Explicitly, we assume the following form for the inter
chain interactions induced contribution to the dimensionl
friction tensor,

MJ ab
irr ~R,R8;t !5~L21!~ IJ2uaua!dabd~R2R8!d~ t !,

~7!

whereua is the local direction of the backbone at the beada,

ua5
Ra112Ra21

uRa112Ra21u
. ~8!

In addition to the general spirit of having an anisotrop
friction ~for a given bead thetotal dimensionless friction
equals to 1 for motions along the local backbone direct
andL for motions perpendicular to it! the specific form~7!
assumes that: the friction on a given bead depends only
the positions of the nearest neighbors along the chain;
friction is local along the chain~tensorMJ irr is proportional to
the Kroneker deltadab); the friction is local in space and
time ~tensorMJ irr is proportional to the Dirac’s deltasd(R
2R8) andd(t)). It seems that these additional assumptio
can be slightly relaxed. What is really important is, e.g., th
the friction on a given bead depends only on the positions
a small finite number of neighboring beads.

The most important parameter in the formula~7! is L. It
specifies the anisotropy of the friction tensor. The main qu
tion that we want to answer here is how strong the anisotr
of the friction tensor~7! has to be in order to reproduce th
N22 scaling of the self-diffusion constant. To this end w
will first use an exact bound for the center of mass diffus
constant that is briefly motivated in Appendix B.

Substituting the phenomenological formula~7! into the
bound ~B7! and using the Gaussian form of the intra-cha
distribution function we immediately get

D>
3D0

N~112L!
. ~9!

This result shows that in order to reproduce the obser
N22 scaling of the self-diffusion coefficient the anisotropyL
of the friction tensor has to be chain length dependent~for
friction tensors that arelocal along the chain, and in spac
and time!. Moreover, if we assume that the anisotropy sca
with N as L;Na, then exponenta has to be equal to o
greater than 1. Note that this is only a necessary conditi
No. 1, 1 January 1998
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371Grzegorz Szamel: Friction tensor in dense polymer solutions
IV. TAGGED CHAIN BROWNIAN DYNAMICS
SIMULATIONS

To check whether linear scaling of the anisotropy w
the chain length is sufficient to reproduceN22 scaling of the
self-diffusion coefficient we solved the effective diffusio
Eq. ~1! with the phenomenological friction tensor~7! nu-
merically by performing a set of single chain Brownian D
namics simulations. We simulated the following set of s
chastic differential equations that is equivalent to Eq.~1!
with Eq. ~7!,

d

dt
Ra~ t !5

D0

kBT
@uaua1L~ IJ2uaua!#21@2k~2Ra~ t !

2Ra11~ t !2Ra21~ t !!#1DRa~ t !, ~10!

where the Gaussian random displacementsDRa(t) are char-
acterized by their moments,

^DRa~ t !&G50, ~11!

^DRa~ t !DRb~ t8!&G52D0@uaua1L~ IJ2uaua!#21

3dabd~ t2t8!. ~12!

In Eqs.~11!–~12! ^•••&G denotes the averaging over the d
tribution of Gaussian random displacements. Note tha
order to arrive at the set of Eqs.~10! from the effective
diffusion equation we have used the fact that the phen
enological mobility tensor is diagonal in the bead indices a
that the mobility of a given bead does not depend on
position.18

We calculated the long-time center of mass se
diffusion coefficients for the anisotropy parametersL
equal19 to N, N2, andN3. To minimize statistical errors we
performed multiple long runs monitoring the mean squ
center of mass displacements over more than 50 radi
gyration. The resulting self-diffusion coefficients are pr
sented in Fig. 1.

It is clear from Fig. 1 that the linear scaling of the a
isotropy with the chain lengthL;N leads to a slower than

FIG. 1. Center of mass self-diffusion coefficient normalized by its Ro
value,DN/D0, as a function of the chain length. Circles: results for anis
ropy parameterL5N; squares:L5N2; triangles:L5N3.
J. Chem. Phys., Vol. 108,
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observed scaling of the self-diffusion coefficientD;N21.6.
On the other hand, both quadratic and cubic scaling of
anisotropy lead to the chain length dependence of the s
diffusion coefficient that is compatible with the observ
N22 scaling ~note that also thevaluesof the self-diffusion
coefficients are almost identical!. Actual least squares fits
give in both cases approximate scaling lawsN21.9. We con-
clude that it is the quadratic~rather than the linear! scaling of
the anisotropy that is a sufficient condition for reproduci
the observedN22 scaling of the self-diffusion coefficient on
the chain length.

V. DISCUSSION

The first major result of this work is the derivation of th
effective diffusion equation describing the time evolution
the tagged chain distribution function. The effective diff
sion equation is a Fokker-Planck counterpart of the gene
ized Langevin equation derived by Schweizer9 ~if one allows
for an anisotropic friction tensor in the latter! and of the
Langevin equation used by Kawasaki.7

The advantage of working in the Smoluchowski la
guage rather than in the Langevin language is that it is ea
to use standard methods of non-equilibrium statistical m
chanics of simple fluids within the former formalism.
should be noted that the method used in this work~projection
operator technique! is by far not a unique one. The sam
effective diffusion equation can be derived from the man
chain Smoluchowski equation using kinetic theory metho
Such methods were used before to analyze dynamics of
loidal suspensions20,21 and rod-like polymers.22

The equations of motion for the bead correlation fun
tions were derived from the Smoluchowski equation in R
23. The disadvantage of the approach of Ref. 23 is that
‘‘vertices’’ of the memory matrix are no longer associat
with the inter-chain interactions but have also intra-ch
pieces. In addition, there are technical difficulties associa
with the diffusive mode~see Ref. 23, Sec. 3.1!.

In the present work we used a phenomenological frict
tensor in the tagged diffusion equation. However, it is
straightforward~although quite tedious! exercise to derive an
approximate formula for the friction tensor following ap
proach used in Ref. 22 to derive approximate expression
the friction tensor in a system of rod-like polymers. Unfo
tunately at present it seems impossible to derive any exp
results from such a formula.

The second result of the present work concerns mode
the effects of inter-chain interactions by a phenomenolog
anisotropic friction tensor.4 In order to reproduce the ob
served scaling of the self-diffusion coefficient with the cha
length the anisotropy should be chain length dependen
seems that the quadratic scaling of the anisotropy with
chain length is sufficient to reproduce the self-diffusion da
It should be recalled that the above result is strictly va
only for phenomenological friction tensors that arelocal
along the chain, and in space and time. It is plausible that
result remain valid if a nonlocality is of a short range.

The question arises how to interpret this massive ren

e
-
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372 Grzegorz Szamel: Friction tensor in dense polymer solutions
malization of local friction~note that similarN dependent
renormalizations are present in the polymer mode-coup
theory!. This is especially important since virtually all th
dynamical simulations show that on short time scales lo
~entangled! and short~unentangled! chains move in the sam
way. It seems that there are two ways out: first, one co
interpret the phenomenological form~7! of the friction tensor
as a Markovian approximation to the real one, i.e., one co
assume that the real friction tensor is non-local in time a
the renormalization applies only to the time-integrated qu
tity. The second possibility is that the present result sugg
that the real friction is strongly non-local along the cha
and/or in space. In fact, a similar idea has been propose
Brereton and Rusli.24 From this perspective it would be o
great interest to analyze the structure of non-localities
follow from the formal expression for the friction tensor.
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APPENDIX A: DERIVATION OF THE TAGGED CHAIN
DIFFUSION EQUATION

The starting point of the derivation is the many-cha
Smoluchowski equation. This equation describes motion
concentrated polymer solution in a small molecule solven
contains the full dynamical information about the system a
thus it has to undergo a projection operator type analysi
order to render useful single chain quantities.

Physically, according to the many-chain Smoluchow
equation a given bead moves in a viscous continuum solv
the forces on the bead consist of intra- and inter-molec
parts; the medium, in addition to exerting a systematic fr
tion force on the bead, applies a fluctuating force; the m
nitude of the latter is related to the friction by a fluctuatio
dissipation theorem.

As pointed out by Oono25 there is a potential problem
with this approach; polymer beads and small molecules c
prising the solvent are treated on two different levels. It
not clear whether this objection has important consequen
for the long-time tagged chain dynamics. In this work w
will adopt the Smoluchowski equation as the starting po
for further analysis.26

The many-chain Smoluchowski equation has the follo
ing form:

]

]t
P~r1

0 , . . . ,rN
n ;t !5O SP~r1

0 , . . . ,rN
n ;t !. ~A1!

HereP(r1
0 , . . . ,rN

n ;t) is the many-chain probability distribu
tion ~note that the superscript 0 denotes the tagged c
variables!, ra

i denotes the position of beada of the i th chain,
n andN are the number of untagged chains and the num
of beads in the chain, respectively, andO S is the many-chain
Smoluchowski operator,
J. Chem. Phys., Vol. 108,
g

g

ld

ld
d
-
ts

by

at

e
he

a
It
d
in

i
nt;
r

-
-

-
s
es

t

-

in

er

O S5D0(
i 50

n

(
a51

N
]

]ra
i

•S ]

]ra
i

2bFa
i D . ~A2!

In Eq. ~A2! D0 is the bead diffusion constant that can
expressed in terms of the bead friction coefficientj0, D0

5kBT/j0. Furthermore,Fa
i is the force acting on beada of

the i th chain. It consists of two different parts: the intr
molecular forceFa

i , intra and the inter-molecular forceFa
i , inter,

Fa
i 5Fa

i , intra1Fa
i , inter. ~A3!

The intra-molecular force consists of the bonding force t
keeps the chain together, and the intra-molecular exclu
volume force that prevents the beads that are separated a
the chain from occupying the same location. The int
molecular force is the excluded volume force that preve
beads from different chains from occupying the same lo
tion. Note that we disregard any attractive forces, mai
because transport properties~far from critical points! are
only indirectly influenced by them.

We define the tagged chain distribution function as
joint distribution for positions of all the beads of the te
chain molecule:

f ~R1 , . . . ,RN ;t !5K)
a

d~Ra2ra
0 !L

P

. ~A4!

Here ^•••&P denotes the averaging over the probability d
tribution P satisfying the many-chain Smoluchowski equ
tion. Since the Smoluchowski operator is not self-adjoint i
important to remember that the probability distribution a
ways stands to the right of the quantity that is being av
aged.

The usual initial condition for the probability distribu
tion is adopted:

P~r1
0 , . . . ,rN

n ;t50!5)
a

d~ra
02qa

0 !Peq~r1
0 , . . . ,rN

n !.

~A5!

HerePeq(r1
0 , . . . ,rN

n ) is the equilibrium probability distribu-
tion for the system. The initial condition~A5! implies the
following initial condition for the tagged chain distributio
function:

f ~R1 , . . . ,RN ;t50!5)
a

d~Ra2qa
0 !v~R1 , . . . ,RN!,

~A6!

wherev(R1 , . . . ,RN) is the equilibrium intra-chain distribu
tion function of the tagged chain,

v~R1 , . . . ,RN!5K)
a

d~Ra2ra
0 !L

eq

. ~A7!

In the following we will use the identity

^•••&P5K . . . exp~O St !)
a

d~ra
02qa

0 !L
eq

, ~A8!
No. 1, 1 January 1998
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373Grzegorz Szamel: Friction tensor in dense polymer solutions
where the evolution operator exp(O St) acts on everything to
its right, and^ . . . &eq denotes averaging over the equilibriu
many-chain probability distribution.

To derive the effective diffusion equation we use t
projection operator method.10 We start with writing the for-
mal expression for the first time derivative of the tagg
chain distribution function,

]

]t
f ~R1 , . . . ,RN ;t !5K)

a
d~Ra2ra

0 !O Sexp~O St !

3)
b

d~rb
02qb

0 !L
eq

. ~A9!

To project on the tagged chain subspace we defin
projection operator,

P G~r1
0 , . . . ,rN

n !5E dRdR8)
a

d~Ra2ra
0 !

3K)
a

d~Ra2ra
0 !)

b
d~R8b2rb

0 !L
eq

21

3K)
a

d~R8a2ra
0 !G~r1

0 , . . . ,rN
n !L

eq

.

~A10!

In Eq. ~A10! we introduced the shorthand notation for t
full collection of bead coordinates,R[R1 , . . . ,RN .

It should be noted that the ‘‘canonical’’ form of the pro
jection operator can be greatly simplified by using the f
lowing identity

K)
a

d~Ra2ra
0 !)

b
d~R8b2rb

0 !L
eq

21

5)
a

d~Ra2R8a!
1

v~R1 , . . . ,RN!
. ~A11!

Next, we define projection operatorQ that projects on
the space orthogonal to the subspace of the tagged cha

Q5I 2P , ~A12!

whereI is the identity operator.
We insert the identity operator into the formal expre

sion ~A9! for the time derivative,

]

]t
f ~R1 , . . . ,RN ;t !5K)

a
d~Ra2ra

0 !O S~P 1Q !

3exp~O St !)
b

d~rb
02qb

0 !L
eq

~A13!

The first term gives the frequency matrixV,
J. Chem. Phys., Vol. 108,
a

-

,

-

K)
a

d~Ra2ra
0 !O SP exp~O St !)

b
d~rb

02qb
0 !L

eq

5E dR8V~R,R8! f ~R81 , . . . ,R8N ;t !, ~A14!

that with the help of Eq.~A11! can be written as

V~R,R8!5K)
a

d~Ra2ra
0 !O S)

b
d~R8b2rb

0 !L
eq

3
1

v~R81 , . . . ,R8N!
. ~A15!

Using the explicit form of the Smoluchowski operator~A2!
one can rewrite Eq.~A15! in the following simple form

V~R,R8!5D0(
a

]

]Ra
•)

b
d~Rb2R8b!

3S ]

]R8a

2S ]

]R8a

ln v~R8!D D . ~A16!

The second term in Eq.~A13! is rewritten with the help
of the standard identity,

exp@~A1B!t#5exp~At!1E
0

t

dt8exp@A~ t2t8!#

3Bexp@~A1B!t8#, ~A17!

with A5O SQ andB5O SP . As usual, the first term does no
contribute, and the second term gives the memory ma
M,

E
0

t

dt8K)
a

d~Ra2ra
0 !O SQexp~O SQ~ t2t8!!O SP

3exp~O St8!)
b

d~rb
02qb

0 !L
eq

5E
0

t

dt8E dR8M~R,R8;t2t8! f ~R81 , . . . ,R8N ;t8!.

~A18!

Explicitly, with the help of the identity~A11!, we find

M~R,R8;t !5K)
a

d~Ra2ra
0 !O SQexp~QO SQ t !QO S

3)
b

d~R8b2rb
0 !L

eq

1

v~R81 , . . . ,R8N!
.

~A19!

The memory matrix~A19! is further rewritten in the fol-
lowing form,
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M~R,R8;t !52D0(
ab

]

]Ra
•MJ ab~R,R8;t !

3S ]

]R8b

2S ]

]R8b

lnv~R8!D D . ~A20!

In Eq. ~A20! the tensorMJ is the part of the generalize
diffusion tensor that originates from the inter-chain intera
tions,

MJ ab~R,R8;t !5
D0

~kBT!2 K)g
d~Rg2rg

0!Fa
0,inter

Q

3exp~QO SQ t !QFb
0,inter)

d
d~R8d2r d

0!L
eq

3
1

v~R81 , . . . ,R8N!
. ~A21!

It should be noted here that the ‘‘vertices’’ of the tensorMJ

involve the inter-chain forces only.
The final step of the derivation is further reduction of t

tensorMJ . As was pointed out by Cichocki and Hess11 and by
Kawasaki12 the inter-chain interactions induced contributio
to the diffusion tensor is not an irreducible quantity. It is t
inter-chain interactions induced contribution to thefriction
tensor that is completely irreducible.

To get the friction tensor we have to introduce an ir
ducible projected Smoluchowski operator,

QO S
irr

Q5QD0F(
a

]

]ra
0

•QS ]

]ra
0

2bFa
0 D 1 (

a,iÞ0

]

]ra
i

•S ]

]ra
i

2bFa
i D GQ . ~A22!

It is important to note that the additional projection opera
introduced in Eq.~A22! is, first, identical to the projection
used in the derivation of the memory function~A18!, and,
second, inserted only between parts of the Smoluchow
operator pertaining to the tagged chain. This is different fr
the general scheme outlined in Refs. 11,12. The differe
stems from the fact that we are dealing with the tagged ch
problem~self-diffusion,not collective diffusion!.

Next, we rewrite Eq.~A21! with the help of the identity
~A17! substituting this timeA5QO S

irr
Q and B5Q (O S

2O S
irr)Q . We get

MJ ab~R,R8;t !5MJ ab
irr ~R,R8;t !2(

g
E

0

t

dt8E dR9

3MJ ag
irr ~R,R9;t2t8!MJ gb~R9,R8;t8!, ~A23!

where the inter-chain interactions induced contribution to
friction is given explicitly by the following formula
J. Chem. Phys., Vol. 108,
-

-

r

ki

e
in

e

MJ ab
irr ~R,R8;t !5

D0

~kBT!2 K)g
d~Rg2rg

0!Fa
0,inter

Q

3exp~QO S
irr

Q t !QFb
0,inter)

d
d~R8d2r d

0!L
eq

3
1

v~R81 , . . . ,R8N!
. ~A24!

As the last step we note that with the help of the tensorMJ irr

the memory matrix~A20! can be written as

M~R,R8;t !52D0(
ab

]

]Ra
•@ IJ1MJ irr#21MJ ab

irr ~R,R8;t !

3S ]

]R8b

2S ]

]R8b

ln v~R8!D D . ~A25!

Note that here~and in the main text! the inverse @ IJ

1MJ irr#21 is understood as the kernel of the inverse integ
operator.

Now we combine the formal expression~A9! for the
time derivative of the tagged chain distribution function wi
the expressions~A16! and ~A25! for the frequency and
memory matrices, respectively, and we arrive at the effec
diffusion equation Eq.~1!.

APPENDIX B: BOUND FOR THE DIFFUSION
CONSTANT

The analysis presented in this section is valid for a
friction tensor that leads to a mobility tensor that is symm
ric, positive definite, and divergenceless. Note that the p
nomenological friction tensor~7! satisfies these conditions.

We start with the lower bound for the self-diffusion co
stant that was derived by Fixman.27 In terms of the dimen-
sionless friction tensor (IJdab1MJ ab) this bound can be
written in the following way,

D>D ~K !2
D0

N2K (ab
~Va2Va

~0!!•~ IJdab1MJ ab!

•~Vb2Vb
~0!!L

eq

0

. ~B1!

Here D (K) is the Kirkwood approximation for the diffusion
constant,

D ~K !5
D0

N2K (ab
ez•@ IJdab1MJ ab#21

•ezL
eq

0

. ~B2!

Furthermore,

Va
~0!5(

b
@ IJdab1MJ ab#21

•ez , ~B3!

^ . . . &eq
0 denotes averaging over the tagged chain equilibri

distribution v(R), andez denotes a unit vector in thez di-
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rection. Finally, in Eq.~B1! Va are variational parameter
that satisfy the following condition~note thatVa can be
functions of the bead positionsR),

(
a

]

]Ra
•~Vav~R!!50. ~B4!

For our purposes it is convenient to combine the t
terms at the right hand side of Eq.~B1! and to rewrite it in
the following way,

D>2
D0

N2K (a Va•ezL
eq

0

2
D0

N2K (ab
Va•~ IJdab1MJ ab!•VbL

eq

0

. ~B5!

Now let us chose the simplest possible set of trialVa ,

Va5cez , ~B6!

wherec is a constant that will be determined variational
Due to the translational invariance of the equilibrium dist
bution the condition~B4! is satisfied automatically. Subst
tuting Eq. ~B6! into the bound~B5!, minimizing the result
with respect toc, and finally using the optimalc we get the
following result

D>
D0

K (
ab

ez•~ IJdab1MJ ab!•ezL
eq

0 . ~B7!

The result~B7! is used in Sec. IV to determine the minim
scaling of the anisotropy that is consistent with the obser
scaling of the self-diffusion coefficient.
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